Order Property

Notation 1. Throughout this exposition, £ will denote a first order language, T" will denote an
L-theory, M will denote an £ structure with universe M, and ¢(Z,y) will be an L-formula in n+m
free variables, where |Z| = n and |y| = m. For any ordinal « (including natural numbers), let 2%
denote the set of binary strings of length «, i.e. functions from « to the set 2 = {0,1}, and let 2<¢
denote the set of binary strings of length less than «. In this context, 2<% will be called a tree,
ordered under =, and an element of 2¢ might be called a branch.

Definition 2. For an ordinal a, we say I'r(p, ) holds if there exists a model M = T, and a
height-a binary tree of m-tuples in M, i.e. a function f : 2<% — M™, such that for any branch in
the tree 7 € 2%, the collection of formulas

r=1{e@ f(T18) | B <a,7(B) = 0} U {~p(@, f(718)) | B <, 7(B) =1}
is satisfiable in M.

Proposition 3. If n € N, then there is a finite £-formula that says “there is a witness to I'r(p, n)”,
which I will denote by (¢, n). This can be seen as the formula

a‘€2<"yo' /\ Jdz /\ T yT]k A T(k) = 07

TE2N k<n
where <+ 7(k) = 0 is shorthand for either the formula or its negation depending on whether 7(k) = 0.

Definition 4. Let I be a linear order. We say that Br (¢, I) holds if there exists a model M |= T,
and sequences (@; | ¢ € I) in M™ and (b; | ¢ € I) in M™ such that for all i,5 € I,

M = o(a;, b i) &1 < J.

Lemma 5. If for all k£ € N, treating k as the linear order with &k elements, Br(p, k) holds, then
Br(p, 1) holds for all linear orders I

Proof. Let I be an arbitrary linear order. Define the language
L'=LU{cliel,k<n}U{di|i€l,k<m},

an expansion by constants. For notation’s sake, let ¢; denote the tuple c;q,...,¢;n—1 and let d;
denote the tuple d; ,...,dim—1. Let T” be the theory

TU{p(C,d;) | .5 € 1,i < j}U{=p(@,d;) | i,j € I,i > j}.
We will show that T” is consistent. Let X be a finite subset of 7”. For some finite I’ C I, we have
S CTU{p(E,dj) |i,jeli<jtu{-¢@,dj)|ijel, i>j}

We can enumerate [ ! as ip <iz <--- <iy. By assumption, there is a model M = T and sequences
ai,...,ay and by,..., by such that for all 1 < k,1 </,

M ': go(ak,bg) S k< /.

Consider the L'-structure M’ built from M by realizing ¢;,,d;, for 1 < k < £ as @ and by
respectively, and for i € I\ I, realizing ¢;, d; as @p and by respectively.
Let 0 € X. If0 €T, then M’ 0 since M = 0, and M/’ is the same as M on L symbols.
Otherwise, 0 € {p(¢;,d;) | i,5 € I',i < j}U{~p(¢;,d;) |i,j € I';i > j}. Then M’ |= 0 since
M = o(Cy, diy, ) & M E (ag, by) & k <k & i, <iy.

Thus, ¥ is satisfiable and so T is consistent. ]



Lemma 6. Any finite subset of a tree is contained in a finite subtree of that tree.
Lemma 7. If I'r (¢, k) holds for all k£ € N, then I'7 (¢, ) holds for all ordinals a.

Proof. Suppose I'r(p, k) holds for all £ € N. Let a be any ordinal. Define the language
L'=LU{dyp |02 k<m}U{crp|T€E2%k<n},

an expansion by constants. For notation’s sake, let d, denote the tuple do0s - dem—1 and let ¢,
denote the tuple crp,...,crn—1. Let T’ be the theory

TU{p(Cr,drig) | 7€ 2% 7(8) = 0} U {=p(Cr, dryp) | T € 2%, 7(8) = 1}.

If we show that 7" has a model M, then I'p(p, ) holds, as witnessed by the tree o E{,\/‘. Thus, it
suffices to show that T” is consistent. By compactness, it sufficies to show that every finite subset
of T" is consistent, so let 3 be a finite subset of T7”. For some finite X C 2% and A C a we have

S CTU{p(Cr,drp) | 7€ X, 7(8) =0,8 € A} U {=p(cr,drp) | 7 € 2%, 7(8) = 1,5 € A}.

Let Y = {718 | B € A}. By lemma 6, Y is contained in a subtree of 2<¢. That means there is a map
g : 2<% — 2<% such that Y is contained in the image of g. Choose M = T and a tree f : 2<¢ — M™
as a witness to I'r (¢, £).

We will now build a model M’ |= T starting with M. For any o € Y, intepret d, in M’ as
f(p), where p € 2<% such that g(p) = 0. Next, let 7 € X. Consider p = U{o € 2<¢ | g(0) < T}.
Choose some p € 2¢ extending p/. Since f witnesses I'r (i, £), we have

A ={p(@, f(p1k) [ k < L£,p(k) = 0} U{=p(T, f(p1k)) | k < £,p(k) =1}

is satisfiable in M. Then interpret ¢, in M’ as a witness to A. Interpret all other constants
arbitrarily. If B € A, then there is a ¢ € 2<¢ such that 718 = g(c). We have interpreted ¢, such
that

M’ = o(er, f(pllol])) © 7(8) = 0.
Furthermore, f(pl|o|) = f(o) = dg\fg) = di\fﬁl, so we have
M= ¢(Cr,drip) © 7(8) = 0.
Thus, M’ = X.

Theorem 8 (INCOMPLETE). For any formula ¢(Z,7), the following are equivalent

1) Br(y,N) holds.

(1)

(2) Br(g,I) holds for all orders I.

(3) For all o an ordinal, I'z(¢, &) holds.
(4)

4) T'r(p,w) holds.



Proof. We will show (1) = (2) = (3) = (4) = (1).
(1) = (2). Suppose Br(yp,N) holds. Then there exists a model M = T and sequences (@; | i € N)
and (b; | ¢ € N) such that for all 7,j € N,

M E (@, b i) €1 < j.

By lemma 5, it is sufficient to show that Bp(p, k) holds for all £ € N. Clearly ay,...,ar_1 and
ag, - . . ,a_1 witness this.

(2) (3). Clearly if 5 < o and I'r (¢, @) then I'r (¢, 8). Thus, it is sufficient to show the result
for all limit ordinals, since any ordinal is less than some limit. Let « be any limit ordinal. Let
I = 2%, the set of functions o« — 2. Order I lexicographically, that is o < 7 iff o(y) < 7(7y) where
«v is the least ordinal where o () # 7(7). Equivalently, o < 7 if for some ~y, we have o]y = 7] and
o(y) <7(7). -

By assumption, Br (¢, I) holds, so let M |= T and choose (@; | i € I) and (b; | i € I) from M
such that

M o(a;, bj) & i < j.

Define ¢ : 2<% — I by o + ¢71000. .. and define the tree F': 2<% — M by o = b,(,). We will show
that this tree is a witness to I'p(p, ). In particular, if o : @« — 2 is a branch through F', then we
claim that for all 8 < «,

M= ¢lag, F(018)) < o(B) = 0.

Let 8 < a. First suppose o() = 0. We have 015 = 1(018)15 and o(8) =0 < 1 = ¢(c18)(B). Thus,
o < t(c1B). By construction, that means

M ): @(ao, bL(cﬂB))v

so M = ¢(ag, F(a18)).
Next suppose o(f3)

v > B+ 1, we have ((o]
and so t(o18)(y) < o(

Then we have o](8 + 1) = «(c18)1(8 + 1). Furthermore, for all

g)( ) = 0. In particular, if ever t(o]8)(y) # o(vy) then t(a18)(y) < o(v),
7). Thus, by construction,

M l;é ()0((10—, bL(U},B))?

so M = —¢(as, F(015)). Thus, the claim is shown.

(3) = (4) obvious.

(4) = (1) By lemma 5, it is sufficient to show that Br(y,n) holds for all n € N. Fix n € N.
Let h, = 2"+ — 2. Notice that we have the recursive relation hyy1 = h,/2 — 1. We will prove by
induction on r that there exists an r-ladder aq,...,a, and by,...,b., a height h, tree H, a set of
branches {a, | o € 2"} and an index 1 < ¢ < r. INCOMPLETE

O
Theorem 9. The following are equivalent:
1) T is unstable.

2) There is an undefinable type over T

)
)
)
4)

(
(
(3) There is a formula ¢(Z,7) satisfying I'r (¢, w)
(

There is an unstable formula ¢ over T'.



Proof. (1) = (2):

Suppose (2) is false. That is, all types are definable over T. Let A = |£|. We will show that
T is 2 -stable. Let M |= T and let A C M satisfy |A| = 2*. Since all types are definable, there
is a distinct definition schema for each type in S™(A), we have |SM(A)| is at most the number of
definition schemata over A. Each definition schema is a function from L-formulas to £4-formulas.
Thus,

|SM(A)] < [Form(£4)[FrmEN = (|£] + |ADA = (A + 22 = 22H =22,
Thus, T is 2*-stable, and so (1) is also false.
(2) = (3):

Assume (3) is false. That is, I'r(p,w) does not hold for any ¢. By lemma 7, we have that for
all o, there is a finite k such that I'r(p, k) does not hold.

Let M =T, let A C M, and let p be an arbitrary n-type over A. Our goal is to show that p
is definable. For any ¢(Z,y) and any L-formula € in n free variables, M = v(p,0,k) = M =
y(p, k)L, Thus, for each 6 there is a k such that M [ v(p,0,k). Let k be the least value for
which there is a ¢ € p such that M = v(p, v, k), and fix some 1) € p witnessing this. Since p is a
consistent type, and ¢ € p, there must be some a € M"™ with M = ¢(a). In particular, & > 0.

For each b € M™, let 65(%) = ¢(T) A (T, b). Note that  can be thought of as a single formula
in n 4+ m free variables. Define d,p(y) = (¢, 0y, k — 1). We will show that d,, is a definition for p.

Let b € A™. First suppose ¢(T,b) € p. Since both ¥(Z) € p and (%, b) € p, we have 05(T) € p.
By the minimality of k, we have M |= v(¢, 65,k — 1). Thus, M = d,p(b).

Next suppose ¢(Z,b) ¢ p. Then 0.(Z) = ¥(T) A ¢(,b) is in p. Again, by the minimality of £,
we have M |= v(p, 05,k — 1). Suppose that also M |= v(p, 05,k —1). Then we can form a height
k tree with root b, the left tree from the witnesses to (¢, 0,k — 1), and the right tree from the
witnesses to y(p, 05,k — 1). But that means (¢, k) holds, which contradicts the definition of .
Thus, M F (e, 05,k — 1), i.e. M = dpp(b).

(3) = (4):

Let I'r(¢,w) hold. Let A be any cardinal. Let p be the least cardinal such that 2* > X. By
Theorem 4, we have I'p(¢, 1) holds. Unpacking the definition of I'y (¢, i), there is an M = T and
a height u tree f:2<# — M™ such that for each branch 7 € 2#,

e ={e@, f(T18)) | B < a,7(B) = 0} U{—=¢(Z, f(T18)) | B < a,7(B) = 1}
is satisfiable in M. For any 7 € 2#, we have ¥ is a partial n-type over the paramter set
B={be f(o) | o € 25+}.

Furthermore, let 7,7" € 2* be distinct. Let 8 < p be the minimal ordinal such that 7(8) # 7/(5).
Define ¢ = 718 = 7/18. We have ¢(Z, f(c)) is in one of 3, and X/, while —p(Z, f(o)) is in the
other. Thus, ¥, and X, are inconsistent with each other. If for each 7 € 2# we choose some
complete type p, extending >, then we get 2# distinct, complete types over B.
Now we determine the size of B. Each element of B comes from some tuple of size n in the tree
f- Then
[B| < n x 2] = |24,

2= | ] 2,

a<p

We have

'5(¢,0, k) can be defined similarly as in proposition 3



SO

25K <) 2kl

a<p

By construction, for all & < y, we have 2/¢l < X. Also, 2* > A, we have u < X. Thus,

2y A=px A<=

a<p a<p

We have shown T has 2* > X complete types over B, and |B| = A. That means T is A-unstable.
Since A was arbitrary, T is unstable.
(4) = (1):
Clearly if for each A there is an M =T and A C M with |A| = X such that there are more than
A many @-types, then there are more than A types.
O



